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 CLASS

W
e describe a lesson that incorporates 

m
ultiple M

athem
atical Practices and 

strategies that can be used to prom
ote 

the 4C
s. W

e focus on the key practic-
es that elicit m

any P21 skills, support 
the developm

ent of student thinking, 
and capitalize on the opportunity to 
learn im

portant m
athem

atics. 
T

he task in fi gure 2, involving a 
com

parison of M
P3 m

usic dow
nload 

plans, w
as presented in an eighth-

grade classroom
 as a “M

ath H
appen-

ing,” a problem
 that is encountered in 

everyday life. T
he lesson focused on 

the 4C
s and the P21 them

e of fi nan-
cial literacy. T

he m
athem

atical goals 
for this problem

 included—

a. describing and representing 
relations and functions using 
tables, graphs, and rules; 

b. relating and com
paring tables, 

graphs, and rules as different repre-
sentations of relationships; and

c. solving m
ultistep linear equations 

and inequalities in one variable, 
solving equations (form

ulas) for a 
given variable, and applying these 
skills to solve practical problem

s.

W
hat skills w

ill every student need to 
be successful in the tw

enty-fi rst century? 
H

ow
 do w

e prepare students to learn 
these skills? T

he Partnership for 21st 
C

entury Skills (P21), a collaborative ef-
fort am

ong educators, businesses, and 
governm

ents, is an organization that 
serves as a “catalyst to infuse 21st cen-
tury know

ledge and skills” (see fi g. 1). 
Such know

ledge and skills encom
pass 

life and career, m
edia and technology, 

and learning and innovation. 
T

he L
earning and Innovation 

Skillsportion of the fram
ew

ork em
-

phasizes the 4C
s of critical thinking, 

com
m

unication, collaboration, and 
creativity. T

his article describes these 
skills in the context of the m

athem
at-

ics classroom
 and highlights teach-

ing practices that can elicit each of 
the 4C

s to enhance student learning.
T

able 1 sum
m

arizes P21’s 4C
s; lists 

strategies that have been effective in 
prom

oting these essential skills; and 
links them

, w
hen applicable, to the 

M
athem

atical Practices outlined in 
the C

om
m

on C
ore State Standards 

for M
athem

atics (C
C

SSM
). T

his 
article w

ill further expand on these 
strategies and share w

ays that the 4C
s 

can be incorporated into m
ath lessons.
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F

igure 3 illustrates how
 students ana-

lyzed three M
P3 dow

nload plans in 
fi gure 2 using a m

ultirepresentational 
approach (creating a table, developing 
equations, and draw

ing graphs). T
his 

strategy prom
otes the fourth and fi fth 

Standards for M
athem

atical Practice:
“M

odel w
ith m

athem
atics” and 

“use appropriate tools strategically” 
(C

C
SSI 2010, p. 7). B

y analyzing the 
graph created w

ith a graphing calcula-
tor, students noted that for a given 
num

ber of dow
nloads (i.e., input 

value), the line that w
as the “low

est” 
represented the best deal. T

he points 
of intersection represented w

here 
costs w

ere the sam
e.

Students m
ade connections 

betw
een the graph and a process of 

cost analysis based on the graphs. 
For som

e students, com
pleting the 

table (the cost per plan, based on the 
num

ber of dow
nloads) proved m

ost 
helpful in their analysis of w

hich plan 
w

as best under various circum
stances. 

D
eterm

ining the linear functions 
(c = d, c = 0.4d + 4, and c = 13) w

as 
m

athem
atically accessible for only a 

few
 advanced students. H

ow
ever, by 

Source: http://w
w

w
.p21.org

You have decided to use your allow
ance to buy an M

P3 purchase plan. Your 
friend, Alex, is a m

em
ber of i-sound and pays $1 for each dow

nload. Another 
friend, Taylor, belongs to R

haps and pays $13 a m
onth for an unlim

ited 
num

ber of dow
nloads. A third friend, Chris, belongs to e-m

usical and pays a 
$4 m

onthly m
em

bership fee and $0.40 a m
onth per dow

nload. Each friend 
is trying to convince you to join his or her m

em
bership plan. U

nder w
hat 

circum
stances w

ould you choose each of these plans and w
hy? Present the 

best plan to your friends and convince them
.

Fig. 1 This P21 diagram
 highlights the areas that can provide students w

ith tw
enty-

fi rst century skills.

Fig. 2 This “M
ath H

appening,” choosing an M
P3 purchase plan, provides a real-w

orld 
context.

4Cs
P

21
CCSSM

 and Strategies

Com
m

unication
Sharing ideas, questions, ideas, and 
solutions

“M
odel w

ith m
athem

atics” and “use appropriate 
tools strategically” (p. 7) through a m

ultirepresen-
tational approach w

ith concrete m
anipulatives, 

tables, text, im
ages, diagram

s, and num
bers 

Collaboration
W

orking together to reach a goal—
putting 

talent, expertise, and sm
arts to w

ork
“M

ake sense of problem
s and persevere in solving 

them
” (p. 6) by using group poster proof exercises 

for gallery w
alks

Critical thinking
Looking at problem

s in a new
 w

ay, linking 
learning across subjects and disciplines

“Construct viable argum
ents and critique the 

reasoning of others” (p. 6) using the Strategy Venn 
D

iagram
 and Q

uestioning Prom
pt Cards

Creativity
Trying new

 approaches to get things done 
equals innovation and invention

Translate an everyday situation into a practical 
m

ath situation w
ith problem

 solving and problem
 

posing using M
ath H

appenings

Table 1 P21’s 4Cs align consistently w
ith the Com

m
on Core’s M

athem
atical Practices.
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com
paring their w

ork, m
any of the 

students w
ere able to see how

 the 
tabular approach related to the alge-
braic equation and to the graph that 
som

e sketched for each plan. T
hrough 

com
paring and connecting representa-

tions and strategies, all students w
ere 

able to see that at different num
bers 

of dow
nloads, the cost effectiveness of 

each plan varied. 

CR
ITICAL TH

IN
K

IN
G

  
U

SIN
G

 P
R

O
M

P
T CAR

D
S

To further stretch students’ critical-
thinking skills, teachers produced 
hypothetical scenarios in w

hich 
students accessed data analysis and 
interpretation skills by using Q

ues-
tioning Prom

pt C
ards (see fig. 4). 

T
hese prom

pts allow
ed sm

all groups 
to engage in a friendly debate, encour-
aged students to think critically about 
w

hich plan w
as best under various 

circum
stances, and m

ade the m
ath-

em
atics m

eaningful. Students’ sm
all-

group debates and verbal discussions 
contributed to a richer w

hole-class 
conversation about data analysis and 
how

 that skill helps them
 becom

e bet-
ter thinkers and sm

arter shoppers.
B

y posing som
e scenarios in w

hich 
the cost benefit depends on the spe-
cific situation (see prom

pts 1−3), the 
teacher can capitalize on productive 
m

athem
atical debates about w

hich 
purchase plans appeal to the consum

er, 
depending on how

 m
any M

P3s the  
student buys in a m

onth. T
his m

ath-
em

atical debate prom
otes the third 

Standard for M
athem

atical Practice, 
“construct viable argum

ents and cri-
tique the reasoning of others” (p. 6).

B
y posing these questions, stu-

dents w
ere also encouraged to think 

creatively in arguing for different plans 
in different situations and considering 
w

ays to advertise plans to consum
ers. 

In so doing, students w
ere given the 

opportunity to em
ploy tw

o im
portant 

P21 skills, nam
ely, collaboration and 

com
m

unication. 

U
sing the graph and the table, stu-

dents could explain the break-even 
point and realize that at certain points 
tw

o plans w
ere equally cost effective. 

D
uring this discussion, the teacher 

introduced the graphing calculator. 
Students w

ere able to see how
 this 

technology tool could connect w
ith 

their hand-draw
n table and graph to 

interface w
ith graphical, tabular, and 

algebraic expressions. T
hey also learned 

to appreciate the efficiency of such 
technology use in m

ath. 

CO
LLAB

O
R

ATIO
N

 W
ITH

 P
O

STER
 

P
R

O
O

FS AN
D

 G
ALLER

Y W
ALK

S
T

he poster proof presentation strat-
egy (see fig. 5) w

as designed to give 
students opportunities to com

m
uni-

cate, collaborate, and reason through 
their ideas using m

ultiple represen-
tations. Principles and Standards for 
School M

athem
atics (N

C
T

M
 2000) 

em
phasizes that representations serve 

as tools for sense m
aking, and for 

com
m

unicating, justifying, and con-
necting ideas by stating that represen-
tations allow

 students to com
m

unicate 
“m

athem
atical approaches, argum

ents, 
and understanding to one’s self and 
to others,” and to “apply m

athem
at-

ics to realistic problem
 situations 

through m
odeling” (p. 67). Students 

w
ere asked to create poster proofs in 

their sm
all groups and to show

 differ-
ent w

ays to represent their solution. 
T

he use of m
ultiple representations 

prom
oted better com

m
unication of 

m
athem

atics ideas. D
uring gallery 

w
alks, students w

ere asked to w
alk 

around the classroom
, view

 their 
peers’ poster proofs, and listen as they 
presented their reasoning. 

U
sing group poster proofs and 

gallery w
alks are strategies that allow

 
students to collaborate and build 
collective know

ledge, solve problem
s, 

and defend their reasoning. C
C

SSM
’s 

first M
athem

atical Practice states that 
students should have opportunities to 
m

ake sense of problem
s and persevere 

in solving them
. Students should also 

learn to use and consider m
ultiple 

approaches w
hen solving problem

s. 
Prom

oting group poster proofs and 

gallery w
alks allow

ed students to 
develop tw

enty-first century learning 
skills w

hile m
aking sense of m

ath. 
T

hey further developed their ability 

N
um

ber of D
ow

nloads
i-sound

R
haps

e-m
usical
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(a) Table

(b) G
raph

y =
 x (i-sound)  

y =
 13 (R

haps) 
y =

 4 +
 0.4x (e-m

usical)

(c) Algebraic form
ulas

Fig. 3 Students w
ere asked to use m

ultiple representations to com
m

unicate their 
solutions to the M

P3 purchase plan problem
. 

1. If you buy few
er than 5 M

P3s a m
onth on average, w

hich plan w
ould you 

choose? Explain your answ
er.

2. If you buy betw
een 10 and 22 M

P3s per m
onth on average, w

hich plan 
w

ould you choose? Explain your answ
er.

3. If you buy m
ore than 22 M

P3s per m
onth, w

hich plan w
ould you choose? 

Explain your answ
er.

4. W
hich com

pany has the best plan for you? Explain your reasoning.

5. W
hich representation—

the table or the graph—
helped you decide w

hat 
plan is best? W

hat inform
ation w

ould you display in an advertisem
ent if 

you w
ere to sell one of the plans? Explain your reasoning.

6. W
hat other real-life purchase plans could be analyzed in this w

ay?

Fig. 4 Q
uestioning Prom

pt Cards w
ere used to support critical thinking.

TH
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O
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N
ick and his older brother, D

ave, decided to donate m
oney from

 their piggy 
bank to their school fundraiser. There w

ere just 18 dim
es in D

ave’s piggy 
bank and just 22 nickels in N

ick’s piggy bank. They take one coin out  
everyday and put them

 in the school fundraising bank.

O
ne day, they looked into each other’s piggy bank. The younger brother’s 

am
ount w

as greater than D
ave’s. W

hen this happened, how
 m

any days had 
it been since they started their donation?

(a)

(b)

Fig. 5 A Venn diagram
 encouraged 4C analyses.
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class proficient at constructing 
m

athem
atical argum

ents and critiqu-
ing the reasoning of others. T

hese 
m

athem
atical practices require the 

developm
ent of strategic thinking. B

y 
using an array of approaches, a teacher 
can support students to evaluate 
solution strategies based on efficiency, 
clarity, precision, and accuracy.

A
nother essential aspect of pro-

m
oting tw

enty-first century skills in 
the m

ath classroom
 is to help students 

understand the 4C
s and be able to 

self-assess and peer-assess across these 
four dim

ensions. Periodically, teach-
ers can ask students to self-assess and 
peer-assess using prom

pts like those 
in table 2 after a problem

-solving 
task. T

hese prom
pts allow

 students 
to reflect on how

 m
uch an individual 

contributed to the learning experi-
ence and recognize the contribu-
tions of others. A

ssessing student 
skills and know

ledge is essential to 
guide learning and provide feedback 
to both students and teachers about 
how

 w
ell they are doing in reaching 

desired tw
enty-first century skills 

(Trilling and Fadel 2009). Form
ative 

assessm
ent strategies such as self-

assessm
ent and peer-assessm

ent can 

em
pow

er students to take m
ore of an 

active role in im
proving their tw

enty-
first century skills perform

ance. 
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to m
ake sense of problem

s by view
-

ing and critiquing the approaches of 
others. 
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M

ATH
 H

AP
P

EN
IN

G
S 

Finally, to encourage creativity, stu-
dents w

ere asked to create a sim
ilar 

M
ath H

appening that connected to 
the m

athem
atics that they learned 

through the M
P3 purchase plan prob-

lem
. For exam

ple, problem
s related to 

other plans—
cell phone, video gam

e, 
or savings—

w
ere all possibilities. T

he 
task of w

riting a M
ath H

appening 
encouraged not only problem

 solving 
but also the art of problem

 posing. Its 
related question required creativity, 
critical thinking, and the “doing and 
undoing” of a problem

. A
fter solv-

ing the given M
P3 problem

, students 
had to think back to all the discrete 
parts that w

ere essential so that they 
could pose a com

parable problem
. In 

this case, it required students to think 
about a purchase plan w

ith vary-
ing rates of change in the cost of the 
item

s. 

A VEN
N

 D
IAG

R
AM

 STR
ATEG

Y
U

sing an approach called Strategy 
Venn D

iagram
 is another w

ay to 
support com

m
unication and critical 

thinking (see fig. 5a). T
his m

ulti-

representational approach encourages 
students to solve a problem

 in a variety 
of w

ays. O
nce students approached a 

problem
 in one w

ay, w
e asked each to 

develop a Venn diagram
 show

ing how
 

he or she solved the problem
. T

hey 
then w

orked w
ith a partner and com

-
pared strategies. Teachers and students 
can use the Venn diagram

 strategy to 
prom

ote the third and fourth Standard 
for M

athem
atical Practice in C

C
SSM

: 
“C

onstruct viable argum
ents and cri-

tique the reasoning of others” (p. 6).  
Students also com

m
unicate their 

m
athem

atical ideas by m
odeling the 

m
athem

atics using various represen-
tations (concrete tools, picture and 
diagram

s, tables, graphs, num
bers, or 

verbal descriptions). 
B

y collaborating on a Venn dia-
gram

, students com
pare and con-

trast strategies and think critically 
about how

 different strategies m
ay 

be efficient or easier to understand. 
F

igure 5b show
s how

 tw
o students 

approached the problem
 differently. 

A
lthough one created a diagram

 and 
crossed off quantities and the other 
m

ade a table, they both found the sam
e 

answ
er. B

y allow
ing students to com

-
pare strategies, they learn to appreciate 
each other’s perspective, connect their 
strategy to another’s w

hile evaluat-
ing its efficiency and clarity, and look 

for creative w
ays to reason. T

his Venn 
diagram

 strategy helps students engage 
all the tw

enty-first century skills w
hile 

w
orking together to find com

ponents 
to place in the union and the intersec-
tions of the Venn diagram

. 

TIP
S FO

R
 IM

P
LEM

EN
TATIO

N
 

AN
D

 ASSESSM
EN

T
O

ne im
portant aspect of encouraging 

the 4C
s in instruction and learning 

is heightening teacher and student 
aw

areness of these skills. Teachers need 
to be m

indful of w
ays to elicit the 4C

s 
of com

m
unication, collaboration, criti-

cal thinking, and creativity by select-
ing rich problem

s, providing learning 
environm

ents, and creating learning 
structures that am

plify these skills. 
First, selecting a rich problem

 
as a M

ath H
appening that can be 

solved in m
ultiple w

ays w
ith m

ultiple 
m

athem
atical connections can bridge 

the application of skills to real life. 
Spending tim

e on a rich problem
 w

ith 
a m

eaningful context m
ay benefit 

students as they transfer the m
ath skill 

to a real-life application.
Second, a learning environm

ent 
that prom

otes tw
enty-first century 

skills does not happen overnight. A
 

teacher m
ust w

ork w
ith students in a 

classroom
 com

m
unity to show

 w
hat 

respecting others’ ideas looks like and 
sounds like so that the m

athem
atical 

debate is productive and m
oves the 

m
ath agenda forw

ard. To facilitate 
this type of m

athem
atical dialogue, it 

is helpful to introduce debate sentence 
starters in this w

ay: “I w
ould like to 

offer another strategy . . .” or “I w
ould 

like to build on m
y classm

ate’s 
idea. . . .” In addition, the learning 
structures m

entioned in this article 
should be introduced w

ith several 
exam

ples of m
odeling and sam

ple 
student w

ork. Just as one w
ould not 

expect a new
 law

 student to be 
proficient at know

ing how
 to debate 

or w
rite legal decisions, one should 

not assum
e that students enter the 

Assessing Your 21st Century Learning Skills in M
athem

atics

Prom
pts to assess 

your 4Cs 
contribution

Com
m

unication: 
D

id you share 
thoughts, questions, 
and solutions?

 

Collaboration: 
H

ow
 did you w

ork  
together to reach  
a goal using your  
know

ledge, talents, 
and skills?

Critical Thinking: 
H

ow
 did you solve 

this problem
 in new

 
w

ays linking w
hat you 

know
? 

 

Creativity: 
W

hat new
 approaches 

did you consider to 
solve this problem

,  
or did you invent a 
strategy that w

as  
efficient?
 

Self-assessm
ent

Peer-assessm
ent 

Table 2 These prom
pts gave students the opportunity to self-assess and peer-assess after a problem

-solving task. 

After students consolidated 
their w

ork in poster proofs, they 
go on gallery w

alks and view
 

others’ solution strategies. 


